ABSTRACT. By using inequalities obtained for the volume of mixed bodies and the Petty Projection Inequality, (sharp) isoperimetric inequalities are derived for the projection measures (Quermassintegrale) of a convex body, These projection measure inequalities, which involve mixed projection bodies (zonoids), are shown to be strengthened versions of the classical inequalities between the projection measures of a convex body, The inequality obtained for the volume of mixed bodies is also used to derive a form of the Brunn-Minkowski inequality involving mixed bodies, As an application, inequalities are given between the projection measures of convex bodies and the mixed projection integrals of the bodies.
O. Introduction. In [24] it was shown that the Petty projection inequality [26] will yield extensions of the known isoperimetric inequalities between the volume of a convex body and its projection measures (Quermassintegrale). In this article we show that the Petty projection inequality can be used to obtain (sharp) isoperimetric inequalities (Corollary (5.20)) which are strengthened forms of the classical inequalities between the projection measures of a convex body. This is accomplished by using the so-called mixed convex bodies introduced by Firey [17] . Geometric inequalities are derived for the volume of mixed bodies (Theorems (4.1) and (4.3)) which, when combined with the Petty projection inequality, yield inequalities involving projection bodies (zonoids) which are related to the inequalities between the projection measures of a convex body. The inequalities for mixed bodies are also used to obtain a version of the Brunn-Minkowski inequality (Theorem (4.2)) involving mixed bodies. Also derived are inequalities between the volume of convex bodies and their associated mixed projection integral (Theorems (6.4) and (6.4*) ), that are extensions and improvements of some previously established inequalities.
Since some of our results concern projection bodies, a topic of interest to workers outside the area of geometric convexity, we have restated a few basic definitions and standard results from the field of geometric inequalities. In §1 we collect for quick reference some well-known results concerning mixed volumes and mixed area measures which will be required later. References for material presented in this section are Bonnesen and Fenchel [7] (for mixed volumes), Busemann [9] , and Leichtweiss [20] . The original works of Aleksandrov [1] [2] [3] [4] and Fenchel and Jessen [15] , supplemented by the survey of Schneider [28] , are recommended references for mixed area measures. §2 contains introductory material regarding Blaschke addition.
(For a nice application of Blaschke addition, see Firey and Grtinbaum [16] , or Grubaum [18, Chapter 15.3] .) Mixed bodies are introduced in §3 where a few basic properties are listed. Nothing in § §2 and 3 is original. Most of the material presented is that of Firey [17] , which is the recommended reference for both sections. In §4 we examine the volume of mixed bodies. Here inequalities are obtained for the volume of mixed bodies (Theorems (4.1) and (4.3) and Proposition (4.4)). As an application, a version of the Brunn-Minkowski inequality (Theorem (4.2)) involving mixed bodies is given. One of the upper bounds for the volume of the mixed body of a convex body and a ball, obtained in §4 by using the Minkowski inequality, can be significantly improved (inequality (5.13)) by appealing to the Petty projection inequality. This is accomplished in §5. Here, new isoperimetric inequalities (Theorem (5.16)) for the volume of mixed projection bodies are obtained which are improvements of some similar inequalities obtained in [24] . Recommended references for projection bodies are the surveys by Bolker [6] and Schneider and Weil [30] . A good reference regarding mixed brightness and girth functions, which are considered in §5, is Chakerian [10] . In §6 inequalities involving mixed projection integrals are presented. The mixed projection integrals (introduced in [23, 24] ) are similar to means considered previously by Chakerian [11] [12] [13] , Chakerian and Sangwine-Yager [14] and the author [21, 22] 1. Mixed volumes and mixed area measures. By a convex figure in Euclidean n-space, IR n (n > 2 is assumed throughout), we mean a compact convex subset of IR n. The term convex body will be reserved for convex figures with interior points. The Minkowski sum of the convex figures K l , ... , Kr is defined by
For a convex figure K and a nonnegative scalar A the Minkowski scalar product AK is {AX: X E K}. Associated with a convex figure K is its support function, h(K, .), defined on IR n by
where X • Y is the usual inner product of x and y in IR n. If K is a convex body that contains the origin in its interior, then we also associate with K its radial function, p(K, .), defined on the unit sphere centered at the origin, sn-l, by
We shall use B to denote the unit ball in IR n and Wn to denote its volume. 
is the mean width of K. The Aleksandrov-Fenchel inequality [3] (see also [9 or 20] ), in the form most suitable for our purposes, states that
The equality conditions in the Aleksandrov-Fenchel inequality are unknown unless very restrictive assumptions are made on the bodies in question (see Schneider [29] for a discussion, conjectures, and partial results). A special case of this general inequality, for which the equality conditions are known, is the Minkowski inequality which states that if K and L are convex bodies in R n, then Associated with the convex bodies K l , ... , K n -l in R n is a unique (positive) Borel measure on sn-l, S(K l , ... , K n -l ; .), called the mixed area measure of K l , ... , K n -l , with the property that for any convex figure K in R n one has the integral representation
where the integration is with respect to the measure S(K l , ... , K n -l ; .) on sn-l. The mixed area measure S(K l , ... , K n -l ; .) is symmetric in its (first n -1) argu-
ments. It is invariant under translations of the
then from the corresponding property for the mixed volumes and the uniqueness of the mixed area measure one has,
From the corresponding property of the mixed volumes it also follows that (1.6)
The mixed area measure S( K, ... , K, B, ... , B; .). with i copies of K and n -i -1 copies of B, is usually written S;(K • . ). The mixed area measure Sn_1(K • . ) is called the surface area measure of K and is denoted by S(K, .). For K = B, the surface area measure is just ordinary spherical Lebesgue measure on sn-l, for which we write S(·) rather than S(B, .).
A uniqueness theorem of Aleksandrov [2] and Fenchel and Jessen [15] , of which we make frequent use, states that if K and L are convex bodies in III n such tha:t, 
the measure is not concentrated on any great sphere of sn-l, and has the origin as its centroid (when viewed as a mass loading on sn-1); i.e., (1.7)
2. Blaschke sums. Minkowski's existence theorem (which in the form used here is due to Aleksandrov [3, 5] and Fenchel and Jessen [15] 
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use I t is trivial to verify that Blaschke addition is both commutative and associative and that (2.2) l·K=K,
From (1.4) and the definition of Blaschke addition and scalar multiplication it follows that for convex bodies K j , K 2 , C, and nonnegative scalars AI' A 2 , one has (2.3)
3. Mixed bodies. It has already been noted that the mixed area measure S( K I' ... , K n -I; .) satisfies the hypothesis of Minkowski's existence theorem. Thus, corresponding to the convex bodies 
and that
As an immediate consequence of (1.4) and the definition of a mixed body one has We note that
Obviously
If we use (3.2), (2.2) and the fact that a mixed body is symmetric in its arguments, we get
where the sum on the right denotes a Blaschke sum. This was obtained by Firey [17] using a slightly different approach. 
We note, also as an aside, that from the Aleksandrov-Fenchel inequality, it is easy to obtain the counterpart of Theorem (4.1) for surface area rather than volume:
The Brunn-Minkowski inequality states that if K and L are convex bodies in Rn, PROOF. Suppose C is an arbitrary convex body. From (3.5) we have
and, hence, from (2.3) we get
The Minkowski inequality (1.2) can now be used to conclude that
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use with equality if and only if [K, L) ; is homothetic to C for i = 0,1, ... , n -1. For equality to occur it is necessary that [K, Llo = K and [K, Ll n -1 = L both be homothetic to C. However, the requirement that K and L be homothetic to C is sufficient to conclude that [K, L) ; is homothetic to C for i = 0,1, ... , n -1. If we now take C to be K + L, our last inequality becomes
with equality if and only if K and L are homothetic. From Theorem (4.1) it follows that 
with equality if and only if K and L are homothetic. We observe that if one were to start with the Kneser-Siiss inequality and Theorem (4.1), then by applying the Kneser-Siiss inequality to (3.5) and then using Theorem (4.1), one would immediately get the Brunn-Minkowski inequality, along with the conditions for equality.
A better result than Theorem (4.1) is possible for the case where Kl = K n -i -1 = K and K n -i = ... = K n -1 = B:
w:!n(n-i)JV;(K)(n-i-l)/(n-i) ~ V([K];)(n-l)/n ~ w~l/nJV;+l(K), with equality, in either inequality, if and only if K is a ball.

PROOF. Since V([K1J = Vl([K);, [K);), from (3.4) it follows that V([K];) = V(K, n -i -1; B, i; [KL).
The Aleksandrov-Fenchel inequality (1.1), with L = [K);, s = n -i -1 and t = 1, can be used to conclude that (We note that our indexing differs from that used in [30] .) From our definition of Il;K it follows that
and IloK = IlK. If K is a convex body that contains the origin in its interior, we will write K* for the polar body of K with respect to the unit sphere centered at the origin; i.e.,
For the polar bodies of Il(K 1 , .
•. , K n -1 ), Il;K, and IlK we will write Il*(K 1 , ..
• , K n -1 ), IlfK, and Il*K, rather than (Il(K 1 , .
•. , K n -1 »*, (Il;K)*, and (IlK)*.
An important inequality involving polars of projection bodies was obtained by Petty [26] (see [24] for an alternate proof) by using an inequality for centroid bodies [25] . The Petty projection inequality states that for a convex body K in R n, (5.5) with equality if and only if K is an ellipsoid. It was shown in [24] that either directly, or as a consequence of the Petty projection inequality, one can obtain the following general projection inequality for the convex bodies with equality if and only if K is a ball. It was shown in [24] that (5.7) can be viewed as an extension of the well-known inequalities between the volume and the projection measures of a convex body. A stronger inequality than (5.7) will soon be given. The following preliminary result will be needed. 
. , Kn-l ], (u»).
To complete our proof we need merely observe that, by (3.4) , the right side of this equation is the same as the right side of (5.9).
For the case where Kl = ...
Proposition (5.8) becomes
As an immediate consequence we obtain ( 
5.10) PROPOSITION. A convex body Kin R n is of constant (n -i-I)-girth if and only if [K]; is of constant brightness.
Proposition (5.10) was obtained by Firey [17] (for i = n -2). It is easy to see (from the inequalities between the volume and projection measures of a convex body) that this is a stronger result than the general projection inequality (5.7).
We recall that the inequalities between consecutive projection measures of a convex body (see, for example, Theorem 4.3) are In light of (5.14), we see that for p = 1, this reduces to (5.17), while for -n ::;;; p < 1, the inequalities of Corollary (5.18) are strengthened forms of the inequalities between consecutive projection measures of a convex body (5.17) .
The classical inequalities between the projection measures of a convex body are easily obtained by repeated applications of (5.17). They state that for a convex body K in R n, and for 0 ::;;; i ::;;; j < n -1: 
. wr( K,:') t1 dS( u).
If (6.2), (6.3) and Theorem (5.16) are combined, the result is That the inequalities of Theorem (6.4) are improvements of (6.1) follows immediately from the known inequalities between the volume and projection measures of a convex body, viz. (5.19) .
It is possible to obtain more general results by considering more general mixed projection integrals. For convex bodies K 1 , . .. ,Kn in R n and nonnegative integers r 1 ,.··, rn < n -1, we define the mixed projection integral J (K1' r 1 ;~l
In the same way that Theorem (6.4) is established, one gets Clearly, Theorem (6.4) is the special case of Theorem (6.4*) where all the r; are equal.
